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The occurrence of impulsive mechanical loads on articular cartilage can result in a damage of the
tissue, which can in turn be at the origin of degenerative processes as osteoarthritis. This evidence
has motivated a number of experimental studies on articular cartilage undergoing high rate loading:
with reference to the recent experimental investigation carried out by Burgin et al. [1] under drop
impact loading, the present contribution aims to develop an analytical model to describe the uncon-
fined impact test on specimens of articular cartilage samples, shaped as cylinders. The authors of the
experimental tests in [1] had already provided a mathematical approach, followed by a comprehen-
sive study carried out by Selyutina et al. [3] on the basis of small deformation theory: as the authors
highlighted, in order to better explain the experimental behaviour of cartilage, involving very large
strain values, finite viscoelasticity is needed, what actually has been adopted here.

We assume that a cartilage cylindrical sample, having initial thickness H and cross-sectional
area A = πR2, is supported by a rigid surface along the plane X3 = 0 (according to a Lagrangian
coordinate system, whose origin is at the centre of the lower face of the sample) and interacts without
friction along the plane X3 = H with a rigid impactor, having mass mI and freely falling along the
negative direction of axis X3. If xI(t) denotes the current distance between the lower surface of the
impactor and the plane supporting the cartilage and HI = H + H0 represents its initial value, the
collision takes place at time t0 with xI(t0) = H and initial velocity ẋI(t0) = −

√
2gH0, being g

the gravitational acceleration. As we are interested in the description of the impact itself, we assume
t0 = 0 and study the motion of the impactor (t ≥ 0), deforming the cartilage and remaining in
contact with it, until it is eventually bounced back at time t = tc.

Articular cartilage is actually a multiphasic material with a complex structure and a significant
viscoelastic behaviour; a large variety of mechanical models have been proposed to explain its ex-
perimental stress-strain behaviour, essentially based on a nonlinear biphasic poroviscoelastic model.
Since the impact test is very rapid, the contained water has less time to flow outside the sample,
as confirmed by the absence of any measurable loss of mass during the tests of Burgin et al. [1],
therefore cartilage is modelled here as an incompressible homogeneous medium. The deformation
gradient is in principle F(t) = diag{λr(t), λr(t), λ(t)}, with stretches λ(t) and λr(t) defining cur-
rent thickness and area of the sample, h(t) = λ(t)H and a(t) = λ2r(t)A, respectively. Under the
hypothesis of incompressibility, J(t) = detF(t) = 1, therefore λr(t) = λ−1/2(t).

In order to model the visco-elastic behaviour of articular cartilage, the Fung’s model, recently
reappraised and reformulated by De Pascalis et al. [2], has been assumed, adopting the stress-
relaxation function G(t) = 1 + δ(t/τR), corresponding to the Kelvin-Voigt rhelogical model, as
shown in [3]. The current Cauchy stress σ(t) can thus be expressed through its instantaneous com-
ponent σe[b(t)], being a function of the left Cauchy-Green tensor b = FFT , as
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Figure 1: Comparison between experimental and analytical results for Raghavan–Vorp model with
α = 1.6, µ0 = 0.22MPa, τR = 0.175ms and τR = 0.137ms for blue and red curve, respectively.

σ(t) = −p(t)I+ σ̂e[b(t)] + F(t)

[ t∫
0

∂G(t− τ)
∂(t− τ)

F−1(τ) σ̂e[b(τ)]F−T(τ) dτ

]
FT(t). (1)

where σ̂e[b(t)] is assumed to be either σe[b(t)] or its deviatoric component, as suggested in [2] for
incompressible materials, while p(t) represents the hydrostatic pressure, evaluated through boundary
conditions σ11(t) = σ22(t) = 0. Assuming that cartilage behaves as a hyperelastic isotropic mate-
rial, the instantaneous stress is derived from a strain energy function W (t) =W (I1[b(t)], I2[b(t)]),
only depending on the invariants I1[b] = trb and I2[b] = 1/2[(trb)2 − trb2], while for incom-
pressibility, I3[b] = detb = 1. The Raghavan-Vorp model, a 2 parameters Yeoh-type model, has
been chosen, which is based on the strain energy function W (I1) =

µ0

4

[
2(I1 − 3) + α(I1 − 3)2

]
.

Fig. 1 shows a comparison between the experimental curve obtained by Burgin et al. in [1] for
mI = 100 g, H = 1.42mm, R = 2.5mm and H0 = 80mm and the analytical results corresponding
to a suitable identification of the material parameters µ0, α and the relaxation time τR. Despite the
simplicity of the constitutive model, the correspondence is promising and improves the approxima-
tion provided in [3]; the approaches based on deviatoric or total instantaneous stresses give close
results with an appropriate choice of relaxation time τR. A good estimate is also provided for the
coefficient of restitution, around 0.506, to be compared with an experimental mean value of 0.502.
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